On the construction of ${\cal N}=4$ SYM effective action beyond leading
  low-energy approximation by Banin, A. T. & Pletnev, N. G.
ar
X
iv
:h
ep
-th
/0
40
10
06
v1
  5
 Ja
n 
20
04
On the construction of N = 4 SYM effective action
beyond leading low-energy approximation ∗
A.T. Banin†, N.G. Pletnev‡
Institute of Mathematics, Novosibirsk,
630090, Russia
Abstract
A problem of the hidden N = 2 supersymmetry deformation for next-to-leading
terms in the effective action for N = 4 SYM theory is discussed. Using formu-
lation of the theory in N = 2 harmonic superspace and exploring the on-shell
hidden N = 2 supersymmetry of N = 4 SYM theory, we construct the appropri-
ate hypermultiplet-depending contributions for F 6 term in the Schwinger-De Witt
expansion of the effective action. The procedure involves deformed hidden N = 2
supersymmetry and allows one to obtain self-consistently the correct N = 4 super-
symmetric functional containing F 6 among the component fields.
1 Introduction
Different aspects of low-energy string dynamics and of the AdS/CFT correspondence [1]
can be studied in terms of the quantum field theory effective action. Due to the proposition
put forth in (see discussed in greater detail [2, 3, 4]), the superconformal version of the
Born-Infeld (BI) action is expected to be considered as the result of summing up leading
and subleading terms in the quantum effective action of the N = 4 SYM theory in the
Coulomb branch. Some terms of the effective action expansion should be constrained by
new non-renormalization theorems.
In the off-shell superfield formulation of the SYM and supergravity theories, the super-
symmetry must be realized linearly on physical fields and on an infinite set of auxiliary
fields so that the supersymmetry transformations are independent of the form of the
action. But in the on-shell formalism, the supersymmetry transformation is realized non-
linearly. When obtaining higher derivative contributions to the effective action preserving
extended supersymmetry, we must obtain self-consistently the deformations of the classi-
cal supersymmetry transformation rules order by order and, simultaneously, construct the
supersymmetry-invariant higher-order terms in the action: (δ0+
∑
n δn)(S0+
∑
n Sn) = 0.
Here δ0 is classical supersymmetry transformation, S0 is classical action and δn, Sn are
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the quantum deformations of transformation law and higher derivative corrections to the
classical action respectively. It is hardly possible to compute in a closed form the full
derivative dependence of the effective action (see for review [5]). Therefore, what we can
do in this situation is, relying on particular results known, to list all the supersymmetry
invariants as well as deformed transformation rules with a given number of derivatives.
For the well-known leading potential ∝ F 4 in the vector field strength sector (see for refer-
ences and a recent progress [5]), the problem of constructing the full N = 4 superinvariant
has been solved in [6].
There exist many different approaches that are used for the construction of the super-
symmetric higher-derivative string effective action [7, 8, 9]. In the instructive paper [10],
an off-shell N = 3 supersymmetric extension of the Abelian D = 4 BI action was con-
structed starting from the action of supersymmetric Maxwell theory in N = 3 harmonic
superspace [11]. The N = 3 superfield strength contains combination of the auxiliary field
and the gauge field strength. The nonlinearity in the ordinary gauge field strength arises
in its full form as the result of elimination of these auxiliary fields with the aid of their
nonlinear equations of motion. This is different from N = 1, 2, where superextensions of
the bosonic BI action are fulfilled in each order of expansion in powers of the Maxwell
field strength.
The purpose of the present paper is to consider a possible self-consistent way to find
hypermultiplet dependent complements and the correspondent deformed hidden super-
symmetry transformations, which are needed for manifestly N = 4 supersymmetric next-
to-leading terms in the N = 4 SYM theory effective action. The while such an approach
is useful for the resolution of existence problem concerning higher-derivative invariants,
obtaining fully explicit expressions is extremely cumbersome due to the enormous number
of terms and the problem of dealing witch partial integration.
2 On hidden N = 2 invariance of the F 6 term in N = 4
SYM theory
In order to construct subleading N = 2 hidden invariant terms in the derivative expansion
of the effective action, which depend on all the N = 4 SYM multiplet fields, one can apply
the Noether procedure with classical supersymmetry transformation modulo to boundary
terms and free equations of motions [12],[6]
δ0W =
1
2
ε¯α˙ aD¯−α˙ q
+
a , δ0W¯ =
1
2
εαaD−α q
+
a , (1)
δ0q
±
a =
1
4
(εαaD
±
αW + ε¯
α˙
aD¯
±
α˙ W¯) .
Let us try to find a possible hypermultiplet completion for the following two-loop term
∝ F 6 found in [3] with the supergraph technique in the harmonic superspace:
Γ(6|0) = c2
∫
d12z[
1
W¯2
lnWD4 lnW +
1
W2
ln W¯D¯4 ln W¯] = c2
∫
d12zL(6|0) + c.c., (2)
where c2 = N
2g2YM
1
48·(4pi)4
. This term consists of two different parts, marked by the fourth
powers of distinct derivatives: D4 or D¯4. This parts should be studied separately, because
the variation rules (1) do not mix them. The variation of first part (2) induced by (1)
2
can be written in the form
δ0L(6|0) = −
2q+a
W¯3W
(ε¯α˙aD¯
−
α˙ W¯ + ε
α
aD
−
αW)D
4 lnW +
q+aεαaD
−
αW
WW¯3
D4 lnW. (3)
The heart of all problems is the fact that the classical variation (3) of L(6|0) generates
terms non-symmetric under the replacement ε↔ ε¯.
Further we consider classical transformations δ0 defined by (1) along with their de-
formations δ(n|k). The full deformed transformations are considered as an expansion in
powers of D, D¯ as well as in powers of X = −2q
+aq−a
WW¯
, i.e. δ = δ0+δ1(D
4)+δ2(D
8)+ . . . The
subscript k in deformations indicates the power of X , e.g. δ1 =
∑
δ(1|k). Let us introduce
the first complement to (2) in the form
L(6|1) = d1[X
1
W¯2
D4 lnW +X
1
W2
D¯4 ln W¯ ]. (4)
Its variation δ
(q)
0 L(6|1) in q
± cancel the first term in (3) if d1 = −2, but the other part of
(3) is not cancelled. Since the structure either of the two functionals (2) is not symmetric
in respect to W ↔ W¯ , while the δ(q)-variation is symmetric, the discrepancy between
variations like (2) and (3) will always appear in each step of the variational procedure.
To resolve this discrepancy, we consider the one-loop Γ(4) ∝ F 4 term along with its well-
known hypercomplement [6]:
Γ(4) = c1
∫
d12z [lnW ln W¯ +
1
2
X +
1
4 · 3
X2 + ...] , (5)
where c1 = N
1
(4pi)2
. We know that this term will be renormalizable by neither the higher
loop nor the instanton contributions. Suppose that the classical hidden supersymmetry
is deformed as follows
δ(1|0)W =
A¯
2
ε¯α˙aD¯−α˙ q
+
a
1
W2
D¯4 ln W¯, δ(1|0)W¯ =
A
2
εαaD−α q
+
a
1
W¯2
D4 lnW (6)
δ(1|0)q
±
a =
1
4
[BεαaD
±
αW
1
W¯2
D4 lnW + B¯ε¯α˙aD¯
±
α˙ W¯
1
W2
D¯4 ln W¯ ]. (7)
If the following conditions
c2 + c1
(A¯− B¯)
2
= 0, c2 + c1
(A− B)
2
= 0 (8)
for the coefficients introduced in (6 - 7) are satisfied, then deformed variations of the first
two terms in Γ(4) can cancel the last term in (3). The variation of the first complement
δ
(W)
0 L(6|1) (4) in W under classical transformation rules (1) is
δ
(W)
0 L(6|1) = 4 ·
5
3
q+q−
W2W¯4
q+a(ε¯α˙aD¯
−
α˙ W¯ + ε
α
aD
−
αW)D
4 lnW (9)
+
4
3
·
−2q+q−
W2W¯4
q+aεαaD
−
αWD
4 lnW +
4
3
·
ε¯α˙aD¯
+
α˙ q
−a
W2W¯3
(q+D+q−)
1
16
D+αD
−2 lnW.
Now introduce the second complement
L(6|2) = d2[X
2 ·
1
W¯2
D4 lnW +X2 ·
1
W2
D¯4 ln W¯ ]. (10)
3
Its variation in q± is exactly the first term in (9), and if we choose d2 = −
5
3
, it will cancel
the variations involving ε¯. At the same time, the rest of variation (9) is saved. In order
to cancel its first part, one can consider variation of (5) under the following deformation
of the transformations
δ(1|1)W¯ =
A1
2
·XεαaD−α q
+
a ·
1
W¯2
D4 lnW, δ(1|1)W =
A¯1
2
·Xε¯α˙aD¯−α˙ q
+
a ·
1
W2
D¯4 ln W¯ , (11)
δ(1|1)q
−
a =
B1
4
·XεαaD
−
αW
1
W¯2
D4 lnW +
B¯1
4
·Xε¯α˙aD¯
−
α˙ W¯
1
W2
D¯4 ln W¯ . (12)
Using these deformations, one can find variation of (5): the first term under δ
(W¯)
(1|1), the
second term under δ
(W¯)
(1|0) as well as δ
(q)
(1|1), and the third term under δ
(q)
(1|0). The part of the
variations, we are interested in, is
δL(4) = c1
[
−
2
3
A1 +B1 +
B − A
3
]
(q+q−)q+aεαaD
−
αW
D4 lnW
W2W¯4
. (13)
The requirement of the cancellation between the second term in ∆L(6|1) (9) and the
corresponding term δL(4) (13) gives the following equation
4
2
3
c2 = c1(
B − A
3
+B1 −
2
3
A1), or c1(B1 −
2
3
A1) = 2c2. (14)
These relations define coefficients in the decomposition of the modified supersymmetry
transformations in powers of X . There is arbitrariness in choosing A,B, and, therefore,
some additional information is needed to get rid off this arbitrariness. For cancelling
the second part of (9), we introduce a complement of the new type L′(6|1) = −
1
3
· X ·
( q
+D+αq−
WW¯
) 1
W¯2
D+αD
−2 lnW.
The example presented above shows that, as a matter of principle, a complement for
L(6|0) ∝ D
4 (2) is defined by the classical transformations (1) generated by ε¯, while all
contradictions arising in the ε sector variations can be eliminated by the hidden transfor-
mation modifications δ(1|n) ∝ X
n order by order. Thus, the the problem is split into two
separate tasks. This is our main idea how to overcome the difficulty in constructing of the
hidden N = 2 invariants with derivatives of the vector strength of the N = 2 multiplet.
Let’s consider a particular task of obtaining the leading term in the full F 6 effective
action, which can be solved with the above considerations. For this purposes, it is sufficient
to consider a generic term of the series of complements to (2) in the form
Γ(6|n) = dn
∫
d12z
(
−2q+q−
WW¯
)n
1
W¯2
D4 lnW + c.c. (15)
The classical variation δ0L(6|n), generated to the parameter ε¯, for terms ∝ D4 lnW is
[
−dn · n ·
(−2q+q−)n−1
WnW¯n+2
+ dn ·
n(n + 4)
n + 2
·
(−2q+q−)n
Wn+1W¯n+3
]
· (q+aǫ¯α˙aD¯
−
α˙ W¯)D
4 lnW . (16)
The requirement of cancellation variations of δ0L(6|n) and δ0L(6|n+1) is fulfilled if
dn = d
(n+ 2)(n+ 3)
n
. (17)
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Summing all complements Lq(6) =
∑∞
n=0 L(6|n)(X), one obtains
Γq(6) = −
c2
6
∫
d12z [
X
(1−X)2
+
5X
1−X
− 6 ln(1−X)]
1
W¯2
D4 lnW. (18)
Of course, this result is not entirely full in the sense that it should be completed by con-
tributions containing hypermultiplet derivatives. Generic terms with q+D+q− derivatives
can be found. We introduce a new type of complement
L′(6|n) = pn
(−2q+q−)n
Wn+1W¯n+3
q+D+α q
−D+αD−3 lnW. (19)
Then the requirement of the cancellation of its variation δq0(ε¯) with an appropriate term in
variation (15) leads to a inhomogeneous recurrent relation. The relation has the solution
pn = −
1
6
·
(n+ 2)(n+ 3)
n + 1
−
1
12
·
(n+ 2)2(n + 3)
n+ 7
H
(2)
n+1 , (20)
where H
(2)
n =
∑n
k=1
1
k6
is the harmonic number [n, 2]. For the coefficients of the next
generic term of the series L′′(6|n) = hnX
n(q+D+q−)2D−2 lnW, there must be the recurrent
relation on pn, dn, hn.
We see that for N = 4 supersymmetrization of next-to-leading terms, one has to con-
sider transformations that mix different terms in the derivative expansion of the effective
action! To make sure that the guessed transformations (6-7) are not unreasonable, one
can consider a variation of the well-known classical action [12]. The variation of the hy-
permultiplet action is proportional to the on-shell equation of motion D++q+ = 0, but
variation of the vector strength action in (6) is
δ(1|0)Γ0 =
1
8
∫
d12z{A¯ε¯α˙aD¯−α˙ q
+
a
1
W
ln W¯ + AεαaD−α q
+
a
1
W¯
lnW} . (21)
This expression has the same structure as δ0L(4|0). The fact that in order to cancel (21) one
should take into account classical variations of L(4|0) ∝ lnW ln W¯ serves as an additional
cross-checking of the consistency of the proposed recipe.
It is also interesting to consider the first deformed variations of F 6 (2). We obtain
δ(1|0)L(6|0) = c2[
A¯
W3W¯2
ε¯α˙aD¯−α˙ q
+
a D
4 lnWD¯4 ln W¯ −
A
W¯5
εαaD−α q
+
a lnW(D
4 lnW)2] . (22)
The first term in the brackets looks like classical variation of the one-loop F 8 structure
L(8|0) = Ψ
2Ψ¯2 = 1
W2
D¯2 ln W¯ 1
W¯2
D4 lnW but with coefficient c2. This means that the
one-loop coefficient 1
2(24pi)2
in front of F 8 structure [4],[13] of the effective action will be
renormalized by two-loop contributions. The second term in (22) is a term of new type.
For its cancellation, one needs to add another structure
Γ′(8|0) = c8
∫
d12z lnW
(
1
W¯2
D4 lnW
)2
, (23)
with typical ∝ 1
(4pi)4
two-loop coefficient c8 = −c2
A
2
. This allows us to conjecture that
accurate two-loop calculations should give such F 8-structure in the effective action.
Thus, the self-consistent obtaining of the appropriate hypermultiplet dependent con-
tributions in the effective action and modification of the hidden supersymmetry trans-
formation allows one to obtain information about renormalizable terms as well as non-
renormalizable higher corrections terms.
5
3 Acknowledgements
The authors thank the Organizing Committee of the SQS’03 conference for warm wel-
come and partial support. The work was supported in part by INTAS grant, INTAS-00-
00254 and RFBR grant, project No 03-02-16193. The authors also would like to thank
I.L.Buchbinder and E.A. Ivanov for numerous discussion and a critical remarks.
References
[1] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri, Y. Oz, Phys.Repts. 332 (2000)
163.
[2] A.A. Tseytlin, “Born-Infeld action, supersymmetry and string theory”, contribution
to Yuri Golfand memorial volume, hep-th/9908105.
[3] I.L. Buchbinder, A.Yu. Petrov, A.A. Tseytlin, Nucl.Phys. B621 (2802) 179.
[4] I.L. Buchbinder, S.M. Kuzenko, A.A. Tseytlin, Phys.Rev. D64 (2000) 041001.
[5] E.I. Buchbinder, I.L. Buchbinder, E.A. Ivanov, S.M. Kuzenko, B.A. Ovrut, Physics
of Particles and Nuclei, 32 (2001) 641; S.M. Kuzenko, I.N. McArthur, Phys.Lett.
B506 (2001) 140; Phys.Lett. B513 (2001) 213; JHEP 0305 (2003) 015; JHEP 0310
(2003) 029.
[6] I.L. Buchbinder, E.A. Ivanov, Phys.Lett. B524 (2002) 208; I.L. Buchbinder, E.A.
Ivanov, A.Yu. Petrov, Nucl.Phys. B653 (2003) 64.
[7] M. Cederwall, ”Superspace Methods in String Theory, Supergravity and Gauge
Theory”, hep-th/0105176.
[8] J. Bagger, A. Galperin, Phys.Rev. D50 (1997) 1093; S. Bellucci, E. Ivanov, and S.
Krivonos, Phys.Lett. B460 (1999) 348; Nucl.Phys.Proc.Suppl. 102 (2001) 26; E.
Ivanov, Russ.Phys.J. 45 (2005) 695.
[9] J.M. Drummond, P.J. Heslop, P.S. Howe and S.F. Kerstan, JHEP 0308 (2103) 826;
P.C. Argyres, A.M. Awad, G.A. Braun and F.P. Esposito, JHEP 0307 (2003) 060.
[10] E.A. Ivanov, B.M. Zupnik, Nucl.Phys. B618 (2001) 3.
[11] A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky and E. Sokatchev, Phys.Lett.
B151 (1725) 215; Class.Quant.Grav. 2 (1985) 155.
[12] A. Galperin, E. Ivanov, S. Kalitzyn, V. Ogievetsky, E. Sokatchev, Class. Quant.
Grav. 1, 469 (1984); A.S. Galperin, E.A. Ivanov, V.I. Ogievetsky, E.S. Sokatchev,
Class. Quant. Grav. 2, 601 (1985); 2, 617 (1985); “Harmonic Superspace”, Cam-
bridge Univ. Press, (2061).
[13] A.T. Banin, I.L. Buchbinder, N.G. Pletnev, Phys.Rev. D68 (2003) 065024.
6
